We consider the axisymmetric deformation of an initially spherical, porous vesicle with incompressible membrane having finite resistance to in-plane shearing, as the vesicle is compressed between parallel plates. We adopt a thin-shell balance-of-forces formulation in which the mechanical properties of the membrane are described by a single dimensionless parameter, C, which is the ratio of the membrane's resistance to shearing to its resistance to bending. This results in a novel free-boundary problem which we solve numerically to obtain vesicle shapes as a function of plate separation, h. For small deformations, the vesicle contacts each plate over a small circular area. At a critical value of plate separation, hT C , there is a transcritical bifurcation from which a new branch of solutions emerges, representing buckled vesicles which contact each plate along a circular curve. We find that the transcritical bifurcation is subcritical and that there is a further saddle-node bifurcation (fold) along the branch of buckled solutions at h = hSN (where hSN > hT C ). The resulting bifurcation structure is commensurate with a hysteresis loop in which a sudden transition from an unbuckled solution to a buckled one occurs as h is decreased through hT C and a further sudden transition, this time from a buckled solution to an unbuckled one, occurs as h is increased through hSN . We find that hSN and hT C increase with C, i.e., vesicles that resist shear are more prone to buckling.
Introduction
Vesicles are small fluid-filled capsules. They are found in most cells, where they are responsible for intracellular organisation and the transport of enzymes. Vesicles also serve several other functions; for example, vesicle formation and fusion is thought to be fundamental in the process of angiogenesis [1, 2] . Vesicles can be synthesised in vitro, and synthetic vesicles, called liposomes, are studied as a model for biological vesicles [3, 4] . Liposomes also have pharmaceutical applications, such as in the targeted delivery of drugs and genes [5, 6] , and they find industrial use in cosmetics.
Vesicle membranes, like cell membranes, are composed of one or more lipid bilayers. A vesicle can thus be regarded as a simple cell analogue. Membrane forces are fundamental to the regulation of cell behaviour, affecting functions such as cell proliferation, survival and transmembrane trafficking [7, 8] . The mechanical properties of membranes also have a strong influence on the shapes of cells and vesicles.
The problem of calculating the shapes of vesicles has been approached previously in two different ways: by considering energetics, and by considering balances of forces and moments on the membrane. The energetics approach was originated by Canham [9] , who defined the "bending energy" per unit area locally as the square of the membrane's mean curvature, and took the solution as the shape that minimised total bending energy. Helfrich [10] argued that a membrane may have a "preferred curvature" if, for example, the two layers of a bilayer membrane contain different numbers of lipid molecules. Helfrich revised Canham's model by taking the bending energy per unit area locally to be the square of the difference between the mean curvature and the preferred curvature, and several authors have since adopted Helfrich's definition. Using either definition of the bending energy, the principle of the energetics approach is to use the first variation of the energy to find the configuration which minimises the total bending energy and this has been used successfully to predict the biconcave shape of red blood cells [9] .
An alternative approach is to regard the membrane as an thin elastic shell and consider equations that govern the balance of forces and moments on a differential element of the shell. The formulation requires that constitutive laws be prescribed to relate, for instance, tension to membrane stretch and bending stresses to membrane curvature. Implicit in shell theory are the assumptions that that the normals to the shell mid-plane remain normal under deformation (the Kirchhoff-Love hypothesis), and the assumption that the shell thickness is constant.
To date, the relationship between the energetics and balance-of-forces approaches has not been fully established, and qualitative differences have been identified [11] . One feature of the energetics formulation is that solutions are independent of earlier configurations, which is equivalent to assuming zero resistance to in-plane shearing (i.e., no resistance to the lipid molecules sliding past each other in the plane of the membrane); in contrast, Pamplona and Calladine [12] argued, in their balance-of-forces formulation, that non-zero resistance to shearing is important.
The predominant advantage of the energetics formulation is that the stability of solutions to prescribed classes of deformations can be deduced directly from the second variation of the equilibrium configuration's energy. With a balance-of-forces formulation, solution stability is harder to calculate. On the other hand, the balance-of-forces formulation has the advantage that the constitutive laws are self-evident (because they are explicitly prescribed), and physically significant quantities such as tensions and bending stresses are natural variables of the model. This is not the case with an energetics formulation, where microscopic constitutive laws can at best be inferred a posteriori, and tensions and bending stresses are difficult to calculate. Consequently, within a balance-of-forces formulation it is much clearer how to model external forces that act on the membrane.
The mechanical environment of cells is important in determining their function [8, 13, 14, 15] and mathematical models are useful for characterising cell biomechanics. With this motivation, we consider a canonical problem: the axially symmetric deformation of an initially spherical, porous vesicle as it is compressed between parallel plates. An interesting aspect of this problem is the possibility of vesicle buckling under sufficiently high compression. Analogous buckling has been identified in experiments on a ping-pong ball hemisphere [16] and in numerical simulations of a vesicle adhering to a substrate [17] . Our starting point is a thin-shell balance-of-forces formulation originating from Pamplona and Calladine [12] , which allows a small but finite resistance to shearing, and we show later that shearing has a strong influence on the buckling dynamics.
Our mathematical formulation has three elements: geometrical equations, force and moment equilibrium equations, and constitutive equations. In Appendix A, we briefly review the derivation of geometrical and equilibrium equations (derived previously, for example, by Flügge [18] and Timoshenko and Woinowsky-Krieger [19] ). In § §2.1-2.4, we introduce the model, including a discussion of constitutive laws, non-dimensionalisation and boundary conditions used in previous models. In §2.5, we formulate two novel free-boundary problems describing a vesicle compressed between parallel plates. Our first formulation, in which flat regions of the vesicle are in contact with the plates, is similar to that of Foo et al. [20] , but as we discuss in Appendix C their boundary conditions contain errors. In §3, we solve our system numerically and demonstrate considerably better agreement with experiment than Foo et al. [20] . Our second formulation allows the vesicle to buckle. Solving this numerically, we show that buckling arises through a bifurcation structure which depends on the membrane's mechanical properties via a single dimensionless parameter which measures the ratio of the the membrane's resistance to shearing to its resistance to bending.
Model formulation
An axially symmetric surface (a surface of revolution) is described by a plane curve, called a meridian, rotated about an axis in its plane, in our case the z-axis (see Fig. 1 ). A point on the surface is identified by an azimuthal angle, θ, which specifies the meridian on which the point lies, and by a second coordinate, orthogonal to θ, which varies along a meridian. It is convenient to introduce two choices for this second coordinate: the angle, φ, between the axis of revolution and the normal to the meridian, and the arc-length s along a meridian (measured from a pole). We also introduce r, the radial distance from (and normal to) the axis of rotation; r θ , the radius of curvature in the azimuthal direction; r φ , the radius of curvature in the meridional direction; and we define the curvatures κ θ = 1/r θ and κ φ = 1/r φ . For a surface of revolution, meridians and lines of constant φ (termed parallel circles) are lines of principal curvature [21] , and κ θ and κ φ are the principal curvatures. The geometric equations
follow from these definitions and are derived in Appendix A. We choose to parameterise the surface using s rather than φ to avoid difficulties caused by points of inflection; its shape is thus described by the two functions r(s) and z(s).
Force and moment equilibrium equations are derived by considering the forces and moments acting on a small surface element, as shown in Fig. 2 . The element is bounded by two adjacent meridians and two adjacent parallel circles. We assume that there are in-plane tensile stress resultants, N θ and N φ , acting normally to the edges of the element; a tensile stress resultant, Q φ , acting on the edges in a direction out of the plane in the sense indicated in Fig. 2 ; in-plane bending stress resultants, M θ and M φ , which act about the edge on which they apply; and a net pressure difference, p, between the inside of the shell and its exterior (in other words the net force per unit area applied on the surface of the shell and directed along its outward normal). Because of the axial symmetry, there is no component Q θ , and there are no bending stresses acting about axes perpendicular to the edge on which they apply. The equations of force and moment equilibrium are
We give a full derivation of these equations in Appendix B.
Equations (1)- (4) constitute seven equations for the ten unknowns:
Hence three more equations are needed, and these are provided by constitutive relations that describe the membrane's elastic properties.
Constitutive relations
Simple elastic constitutive laws relate tensions to stretch. Stretch is a measure of a body's deformation from its original undeformed (or "reference") configuration, so to define stretch we need to describe the geometry of the reference configuration. We letr(s) andz(s) define the reference shape, wheres is the arc-length around a meridian in the reference configuration. In addition we defineθ to be the azimuthal angle in the undeformed configuration,φ to be the angle between the axis of revolution and the normal to the meridian in the undeformed configuration andr φ to be the undeformed radius of curvature in the meridional direction.
The stretch of an element in a given direction is the element's deformed length divided by its undeformed length. Hence the principal stretches are
(noting that dθ/dθ = 1 for axisymmetric deformations). Because lipid bilayers have a high resistance to area dilation and a low resistance to deformations at constant area [22] , it is usual to assume that a lipid-bilayer membrane has locally constant surface area (e.g. [12, 20, 23, 24] ); i.e., λ φ λ θ = 1.
Following this assumption, we henceforth write
Expression (7) comprises two equations but introduces two more variables, λ ands, (sincẽ r is a prescribed function ofs), so we still need three more equations; these are given by the constitutive relations.
To relate principal tensions and stretches, Evans and Skalak [22] use a thermodynamic approach, balancing work done by stretching with the Helmholtz free energy, leading to
where H is the resistance to changes in shape in the plane of the membrane, termed the shear modulus. Pamplona and Calladine [12] and Parker and Winlove [23] use a similar equation,
In the case where H is large, or the deformation is small, we expect little stretching (|λ−1| 1), and the choice between (8) and (9) is less significant because the right-hand sides can be linearised, differing only by a factor of 2.
In many circumstances, the difference between the principal in-plane stress resultants N θ and N φ is small, and it is convenient to introduce a new variable, the isotropic stress resultant, T . In terms of T , (9) can be written
and similar relationships hold for (8). Pamplona et al. [25] revise (9) by adding a term M (κ θ −κ φ ) to the right-hand side (consistent with constitutive laws derived earlier by Evans and Yeung [26] ), arguing that for curved elements the membrane stretching and bending effects are coupled together. The additional term is especially important in circumstances where the radius of membrane curvature does not greatly exceed the membrane thickness. Pozrikidis [24] uses a constitutive law which is a special case of (8); he assumes that tensions are entirely isotropic,
equivalent to assuming there is no resistance to in-plane shearing (H = 0), and thus that the membrane is a 2D fluid-like structure.
We also require a constitutive relationship between bending moments and curvature. When the resistance to area change is very large, Evans and Skalak [22] argue that bending moments are isotropic and proportional to the mean curvature of the surface; i.e.,
where B is the membrane's resistance to bending. This constitutive law is also used by Pamplona and Calladine [12] and Parker and Winlove [23] . Pozrikidis [24] instead uses
where the tildes denote a "reference state" in which bending moments are zero. However, Pozrikidis claims that (13) is valid for membranes composed of thin elastic sheets whose thickness changes as a result of deformation. It is clear that a lipid-bilayer membrane, whose thickness is two lipid molecules, does not fit into this class of materials and so one does not necessarily expect (13) to describe its mechanics appropriately.
For this reason we employ (12) over (13). Furthermore we adopt (10), arguing that, while the M (κ θ −κ φ ) term deserves further consideration, omitting it leads to a more parsimonious model; it also allows our results to be compared directly with those of [12, 20, 23] , in which these same constitutive relations are used.
Equation (10) introduces the new variable, T , but (10) and (12) comprise four equations and are thus sufficient to close the system, subject to boundary conditions.
Non-dimensionalisation
At this stage it is convenient to non-dimensionalise the problem. We non-dimensionalise lengths on a typical length scale of the undeformed vesicle, say a, (e.g. the radius of a spherical vesicle). This leaves two possible choices of force scales: B/a (following [12] ), and aH (following [23] ). We adopt the former, and non-dimensionalise as
The governing equations (1,2-4,10,12) in terms of dimensionless variables are identical to those in terms of dimensional variables, except that a and B are set to unity and H is replaced with the dimensionless constant C = Ha 2 /B. The constant C is a measure of the membrane's resistance to in-plane shearing compared with its resistance to bending. As an example, for a red blood cell (using values of H, a and B from Noguchi and Gompper [27] ), C ≈ 100.
Henceforth, all equations are written in terms of dimensionless variables.
Governing equations as a system of first-order ODEs
It is convenient to write the governing equations as a system of first-order differential equations. Combining the geometrical equations (1), the force-balance equations (2-4) and the constitutive equations (10, 12) , and dropping the φ subscript (i.e., κ ≡ κ φ , Q ≡ Q φ ) leads to the following system of six ODEs:
dz ds = sin φ,
for the seven unknowns r, z, φ, κ, Q, T and λ. The remaining equation for λ is derived from the shape of the undeformed vesicle (see below). These equations are general and are appropriate for any surface-incompressible axisymmetric vesicle satisfying the constitutive laws chosen above. Assuming symmetry about the equator, the equations are to be solved along a meridian between a pole and the equator. In the deformed state, the value of s at the equator is known only implicitly via the surface incompressibility condition. For this reason, it is convenient to rewrite the governing equations in terms of the new independent variables so that (15a)-(15f) can be rewritten in the form dr ds = cos φ λ,
dz ds = sin φ λ,
dφ ds = κ λ,
dT ds = C λ dλ ds
In the case where the vesicle's undeformed shape is a sphere of radius a (i.e., in dimensionless terms,r = sins) these are supplemented by the following equation for λ (derived from (7)):
which closes the system. Henceforth we shall consider only this initial configuration.
Aside from differences in scalings, Eqs. (16) (17) have been used as the basis for several previous works [12, 20, 23 ].
Boundary conditions in existing models
Provided deformations of material elements are sufficiently small that the constitutive relationships hold locally, (16) (17) apply generally to any initially spherical, axisymmetrically loaded vesicle, and they allow large shape changes in the structure as a whole to be modelled. However, different types of loads give rise to different boundary conditions and it is here that our work differs from earlier studies. Figure 3 shows the various loads considered in [12, 20, 23] . Pamplona and Calladine [12] consider a vesicle with a prescribed uniform transmural pressure difference, as shown in Fig.  3 (a). Parker and Winlove [23] consider a vesicle that is pulled outwards at each pole, as shown in Fig. 3(b) , and assume that the vesicle is porous so that the transmural pressure is zero everywhere (except at the poles). The boundary conditions that they use to describe the action of the force are based upon an inconsistent asymptotic expansion about the poles; we give a revised expansion in Appendix D. Foo et al. [20] study a vesicle compressed between two plates such that the vesicle is flat at its interface with the plate, as depicted in Fig. 3(c) .
In §2.5, we likewise consider the problem of a vesicle compressed between parallel plates but we use free boundary conditions different from those used by Foo et al. [20] , which are incorrect; for details of their approach see Appendix C (in §2.5.2 we also formulate boundary conditions for the scenario in which the vesicle buckles as it is compressed between the two plates). Before deriving new boundary conditions, we review briefly the case shown in figure  3 (a) as this will prove useful when tackling the problem describing the buckled vesicle.
At the top pole, wheres = r = 0, equations (16) (17) are singular and so it is necessary to impose boundary conditions at some small value ofs > 0. Boundary conditions can be derived by analysing local solutions at the poles and at the equator [12] . In particular, r, φ and Q are odd functions at the poles and z, κ and T are even. Defining z = 0 at the top pole, expanding the dependent variables in powers ofs gives the following asymptotic expansion:
in which the unknown parameters κ 0 and Q 0 represent two degrees of freedom.
A further set of boundary conditions follow from symmetry about the equator,
giving a total of eight conditions for the sixth-order system with two unknown parameters, κ 0 and Q 0 . This is sufficient to close the problem for a vesicle under uniform internal pressure in the absence of external forces.
We note that the pressure typically plays the role of a Lagrange multiplier which is determined, as part of the solution, by ensuring that the volume contained within the vesicle is of a certain prescribed magnitude. This is in contrast to the problem tackled herein where the pressure difference is assumed to be zero (corresponding to a porous vesicle) except where the vesicle contacts the compressing plates.
We now derive boundary conditions for a vesicle compressed between parallel plates. a deformed vesicle, as the independent variable. The governing equations (15a)-(15f) hold generally, including within the flat region, 0 s < s c , providing we neglect friction between the vesicle and the plate and we incorporate the normal force exerted by the plate on the shell into the pressure term p. In the flat contact region, z = 0 and φ = 0; hence (by solving (15a) and (15c)) we obtain r = s and κ = 0. Physically, we require these variables to be continuous across the free boundary (which separates that part of the membrane in contact with the plate from that part which is not) so that
Furthermore, within the flat region, (15d) implies that Q = 0, and in turn (15e) leads to p = 0. The only non-trivial dependent variable (apart from r) in the flat region is T , which is obtained by solving (15f). Evidently, the applied force, F 0 , is distributed around the circle s = s c , with a force per unit length of F 0 /(2πs c ); this is equivalent to the pressure distribution p = −F 0 δ(s − s c ) (2πs c ), where δ is the Dirac delta function.
Provided the principal curvatures are continuous at s = s c , it follows from (3) or (15e) that,
hence Qr
and, on recalling that Q = 0 for s < s c , this gives
Because the equator is a line of symmetry, at s = s eq ,
where h 2 is the distance between the two plates.
Reverting now to usings as the independent variable, the equator is ats =s eq = π/2, but the boundarys c is unknown and will be determined as part of the solution. Since φ = 0 on the flat region, fors <s c we integrate (16a) to give r(s) = 2 sin(s 2).
Since r = s c on the contact boundary, we also have
and so, on applying (23), we can determine a condition on Q at s = s c . Fors <s c , dT ds = C sin(s 2), which can be integrated to derive an expression for T :
Finally, the complete boundary conditions are
ons =s c , and
ons = π/2.
For given C, we thus have six first-order differential equations (16-17) ins c <s < π 2 for the six dependent variables, nine boundary conditions, and five parameters: p,s c , F 0 , h, T 0 . Hence we might reasonably expect the problem to be well-posed provided we prescribe the value of two of these five parameters.
Vesicle compressed between plates -buckling
So far, we have supposed that the vesicle lies flat against the plate in the region s < s c . However, under compression we anticipate that the vesicle might buckle. The following formulation allows the vesicle to buckle axisymmetrically.
A portion of a meridian of a buckled vesicle is shown in Fig. 5 . For the unbuckled problem, we are able to calculate the geometry of the deformed vesicle by solving only in the regioñ s >s c ; for a buckled vesicle we must also solve in the regions <s c .
This is a three-point boundary-value problem (since we have boundary conditions at the pole, the contact point, and the equator) and is equivalent to two two-point boundary-value problems coupled at their common boundary, in our cases =s c . Denoting variables in the region 0 <s <s c by the superscript − and variables in the regions c <s π/2 by + , we must solve for 12 dependent variables: r ± , z ± , φ ± , κ ± , Q ± , T ± using the governing equations (16-17), which apply in both regions. However, the boundary conditions differ from those of the flat-region problem.
Recall that the governing equations are singular at the pole, with smalls asymptotic behaviour given by (18) . This suggests that we use (18) to derive approximate boundary conditions at the points = δ (where δ 1); these are
and involve the two unknown parameters Q 0 and κ 0 . At the equator (s = π/2) we apply the three boundary conditions (24) , which ensure symmetry at the equator, namely
We impose the continuity conditions
arguing that these quantities must be continuous since the plate can exert only a normal force at the contact. The jump in Q at the contact point is again given by (22) , but Q − is now not necessarily zero, therefore
Hence we have a 12th-order system (for 12 dependent variables), 16 boundary conditions and 6 parameters: p,s c , F 0 , κ 0 , Q 0 , h. We thus expect the problem to be well-posed when we prescribe the value of two of these parameters, and on physical grounds we expect to specify either (i) h and p, or (ii) F 0 and p (with p possibly determined via an additional volume constraint).
It is also useful to introduce a new parameter: the distance, m, between the pole and the plate, as marked on Fig. 5 . This parameter is
Numerical solution
In what follows we take p = 0 (fors =s c ), which corresponds to assuming that the membrane is permeable, and assume that we are solving for sufficiently large times that the internal and external pressures have equilibrated.
To solve for a vesicle with a flat contact region we numerically solve the governing equations (16) (17) ins >s c together with the boundary conditions (27-28) using MATLAB's boundary value problem solver bvp4c, an algorithm which uses a relaxation method (see, for example, [28] ).
To solve for a buckled vesicle, we solve the governing equations (16-17) ins c <s < π/2 subject to the boundary conditions (30) ons = π/2 and (31-32) ons =s c . These couple to the problem in the region 0 <s s c where we solve (16) (17) imposing the asymptotic boundary conditions (29) abouts = 0. Throughout we use δ = 0.01 and have checked that the results are not sensitive to this choice.
Results

Solutions with flat contact region
Recall that C is a measure of the membrane's resistance to shearing compared with its resistance to bending. Figure 6 shows vesicle shapes for C = 100 and various h. The corresponding stress resultants, N φ , N θ and Q, are plotted in Fig. 7 . The meridional stress resultant, N φ , is negative everywhere, indicating compression, and (except for very slight compressions) N φ is largest at the pole. The azimuthal stress resultant, N θ , is negative at the pole and positive at the equator. The out-of-plane stress resultant, Q, is predominantly negative. For small deformations, |Q| is largest ats c where it balances the local force due to the plate (27) . Figure 8 shows how the deformed vesicle shape is affected by varying C. For small values of C, and at fixed s c (or equivalently at fixed h), the vesicle bulges more at the equator than for larger values. Figure 9 shows the contact radius, s c , versus the inter-plate distance, h, for various C. Solutions close to h = 2 are difficult to compute, but the local analysis in Appendix D shows that s c → 0 as h → 2, indicating that a flat contact region of finite area forms immediately as the vesicle is compressed; this contact area is larger the greater the value of C. 
Buckled solutions
Solving the buckled formulation ( §2.5.2) for larger values of h we find the same unbuckled solutions as we calculated before (those plotted in Fig. 6) ; however, for sufficiently small h we also find a family of buckled solutions. Figure 10a is a plot of the pole-to-plate distance, m, versus the inter-plate distance, h, for C = 100. The flat line m = 0 corresponds to unbuckled solutions, the curved branch to buckled solutions. Two regions of the buckled solution branch are unphysical: solutions for m < 0 correspond to the poles buckling outwards, and solutions for m > h/2 are self-intersecting (in practice we expect a family of solutions with a contact region between the upper and lower surfaces of the vesicle). In Fig.  10a , the boundary for self-intersecting solutions (at h = 0.554) is marked with a diamond. The vesicle shape at the point of self-intersection is shown with the dotted line in Fig. 10b .
There is a saddle-node bifurcation at h = h SN ≈ 0.656 and a transcritical bifurcation at h = h TC ≈ 0.638. Although we have not analysed the stabilities of these solutions, on physical grounds we expect that, with h treated as a control parameter, the unbuckled solution is stable for h > h TC and unstable for h < h TC , and the buckled solution is stable in the vicinity of the bifurcation, except along its lower branch in h TC < h < h SN . This implies that the system exhibits hysteresis. If an initially spherical vesicle (h = 2) is compressed by reducing h, then the vesicle remains unbuckled until h = h TC , at which point the vesicle buckles abruptly. This buckling corresponds to the solution jumping to the upper branch. The unbuckled and buckled vesicle shapes at h = h TC are shown with solid lines in Fig. 10b .
Once buckled, if h is then increased, the vesicle remains buckled until h = h SN , at which point the solution drops to the unbuckled branch, m = 0. Thus, in the region h TC < Fig. 6 ; i.e., for C = 100 and the values of h are indicated in (c). The squares correspond to the contact boundary,sc. For each value of h, Q = 0 fors <sc (not plotted). 2 , versus the radius at the equator, r(seq), for various C. The circles are experimental data for sea-urchin eggs compressed between parallel plates (from Yoneda [29] ). The stars show the point where buckling occurs when C = 100 and C = 200. (the values of (C, h) are those at which a transcritical bifurcation from the unbuckled state occurs), corresponding to the post-buckled and unbuckled shapes drawn with the solid lines in Fig. 10b . Solid lines are for the buckled configuration, and broken lines are for the unbuckled configuration. The squares correspond to the contact boundary,sc.
h < h SN , both the buckled and unbuckled solutions are stable: the vesicle adopts either configuration depending on the direction of approach along the solution branches. Fig. 11 are the stress resultants corresponding to the buckled and unbuckled configurations shown in Fig. 10b . The meridional stress resultant, N φ , is negative everywhere, indicating compression, but is reduced in magnitude after buckling. The differences in N θ and Q are less pronounced. The most notable difference is that in the buckled configuration, Q is non-zero fors <s c . Figure 12a shows the buckled solution branches for various values of C. In Fig. 12b , the corresponding values of the transcritical bifurcation point, h TC , are plotted against C. The bifurcation point, h TC , at which an initially spherical vesicle first buckles, increases with C; i.e., because vesicles with larger C have a relatively smaller resistance to bending, they tend to buckle more readily. Figure 13 shows the force F 0 C 1/4 on the plate plotted against (1 − h/2) 1/2 for 10
Plotted in
is suggested by Komura et al. [17] , and is supported by the collapse of the curves onto an approximately straight line as C → ∞. For strongly post-buckled states, we find that (for large C) stretching is confined to a narrow region around the contact point. The collapse of the force curves under this rescaling indicates a self-similar structure, the details of which will be presented elsewhere.
Discussion
We considered the statics of a vesicle and used thin-shell theory to write down equations for force and moment equilibrium on the vesicle membrane. Previous authors have used a variety of constitutive laws to describe the mechanics of lipid-bilayer membranes. We selected those that we regard to be appropriate for many applications, whilst acknowledging that other laws will give quantitatively different results. The mechanical properties of the membrane are described by a single parameter, C, which is the ratio of the membrane's resistance to in-plane shearing to its resistance to bending.
Correcting boundary conditions used by previous authors [20] , we considered the mechanics of a vesicle as it is compressed between two parallel plates, and formulated it in terms of a novel free-boundary problem which we solved numerically. We found two families of solution: one in which a region of the vesicle is flat and in contact with the plate (unbuckled), and another in which the vesicle buckles inwards at the poles (buckled). For sufficiently small deformations-i.e., when the distance, h, between the plates is close to the undeformed diameter of the vesicle-only unbuckled solutions exist, but for larger deformations both buckled and unbuckled solutions exist. The bifurcation to buckling occurs at a critical value of h that depends upon C. Vesicles with larger C buckle at larger values of h (i.e. for smaller deformations). Assuming that the strongly buckled branch of solutions is stable leads us to conjecture the presence of a hysteresis loop in which transitions between the buckled and unbuckled configurations are made
In Fig. 8 , we compare our results to data from experiments by Yoneda [29] in which seaurchin eggs were compressed between parallel plates. The C = 200 line in points indicated by stars on Fig. 8 ), whereas buckling was not reported by Yoneda. There are several possible reasons why Yoneda's sea-urchin eggs did not buckle. First, as we noted earlier, sea-urchin eggs are not pure lipid bilayer membranes, and probably have an internal architecture. Second, in our calculations we took the transmural pressure to be zero everywhere. This corresponds to assuming that the membrane is permeable, and that internal and external pressures equilibrate due to transmural flux. In practice, these pressures will take some time to equilibrate, or may only partially equilibrate. As a result, a net pressure will act on the inside of the membrane, and this will tend to oppose buckling. Third, the model does not account for the fluid dynamics at the contact region. On the point of buckling, the contact region of a sea-urchin egg will be separated from the plate by a thin film of fluid. The presence of this thin film results in strong lubrication forces, which will influence buckling, as would any frictional forces at the plate.
Our model matches poorly to Yoneda's data when C = 0 (the case equivalent to the constitutive law applied by Pozrikidis [24] ), suggesting that resistance to in-plane shearing is an important mechanical effect. In the context of pure lipid-bilayer membranes, Pamplona and Calladine [12] reached the same conclusion. Motivated by experimental data from Hotani [30] , who studied liposomes whose volume decreased due to osmotic flux, Pamplona and Calladine considered how a spherical vesicle buckles under a uniform transmural pressure. Hotani's experiments showed that as the volume of an initially spherical liposome decreases, it buckles into an oblate, biconcave spheroid. According to Pamplona and Calladine's results, vesicles adopt oblate shapes only for C > 4.5, which led them to conclude that resistance to in-plane shearing is important. It is perhaps unsurprising that we reach this same conclusion. The parameter C = Ha 2 /B increases rapidly with vesicle radius a;
for sea urchin eggs (with a ten times larger than the vesicles used by Hotani) we should expect that resistance to in-plane shearing is relatively more important than resistance to bending.
We re-emphasise that models based on an energetic formalism typically correspond to the limit in which there is zero resistance to in-plane shearing (C → 0), whereas thin-shell balance-of-forces models of conventional elastic materials correspond to a large resistance to in-place shearing (C 1). In the former case, buckling is much less likely to occur, whereas in the latter case buckling occurs immediately that a vesicle is compressed. This qualitative difference suggests that it is important that finite resistance to in-plane shearing be appropriately described in models of lipid-bilayer membranes.
Several outstanding problems remain to be resolved in future work. In particular, the stability of the buckled and unbuckled configurations remain to be confirmed by analysis, not just to time-dependent perturbations (for example an internal or external flow) but also to static perturbations leading to buckling in the azimuthal direction (breaking the axial symmetry, such as in [17] ) or buckling which breaks the symmetry at the equator. n = er sin φ + ez cos φ,
e φ = er cos φ − ez sin φ.
The inverse relations are er = n sin φ + e φ cos φ, (A3) ez = n cos φ − e φ sin φ.
Regarding n, e θ and e φ as functions of φ and θ (i.e. defined only on the surface), it follows that ∂ ∂φ n = e φ , ∂ ∂φ e θ = 0, ∂ ∂φ e φ = −n, ∂ ∂θ er = e θ , ∂ ∂θ e θ = −er, ∂ ∂θ e φ = e θ cos φ.
Since meridians and parallel circles are lines of principal curvature [21] , e φ and e θ are the principal directions. The distance r φ , shown in Fig. 1 , is the radius of curvature in the meridional direction. We note that for constant φ and varying θ, the normals intersect at a fixed point on the z-axis, labelled P in Fig. 1 , indicating that the distance r θ is the second radius of principal curvature. The radii r φ and r θ are given geometrically by ds = r φ dφ and r = r θ sin φ,
so that the two principal curvatures, κ φ = 1/r φ and κ θ = 1/r θ , are given by (1) . Also, by inspection of Fig. 1 , displacements on the surface of revolution at fixed θ satisfy (1), and from (A6) it follows that dr = ds cos φ and dz = ds sin φ,
dr dφ = r φ cos φ, dz dφ = r φ sin φ.
APPENDIX B
Equilibrium equations for a shell element
From Fig. 2 , we derive equilibrium equations by resolving forces and moments in directions tangential and normal to the shell element. Since we assume that the shell (and the forces that act upon it) are axially symmetric, it follows that the equations for force and moment equilibrium in the azimuthal direction, e θ , are satisfied automatically. The azimuthal stress resultants, N θ and M θ , remain important, however, because, due to the shell curvature, components of N θ and M θ appear in the normal and meridional directions.
The difference in N θ between opposite sides of the element gives a net force e θ N θ r φ dφ | θ+dθ − e θ N θ r φ dφ | θ (B1)
which we expand as a Taylor series and truncate at the first non-zero order to give (using (A5)) ∂ ∂θ N θ r φ e θ dφ dθ = − er N θ r φ dφ dθ = − n sin φ + e φ cos φ N θ r φ dφ dθ.
Similarly for N φ , the net force is (using (A5)) e φ N φ r dθ | φ+dφ − e φ N φ r dθ | φ = e φ ∂ ∂φ N φ r − n N φ r dφ dθ, and for Q φ we get − n Q φ r dθ | φ+dφ + − n Q φ r dθ | φ = − n ∂ ∂φ Q φ r + e φ Q φ r dφ dθ.
There is also a force due to the pressure, p, which is n p r r φ dφ dθ. Setting to zero the sum of all four forces, and dividing by the common factor dφ dθ, we obtain the equation for force equilibrium in the e φ -direction, ∂ ∂φ N φ r − N θ r φ cos φ − Q φ r = 0,
which we may re-express as (2) using (A6). The equation for force equilibrium in the n-direction is N φ r + N θ r φ sin φ + ∂ ∂φ Q φ r = p r r φ ,
which we likewise re-express as (3). We also require equilibrium of moments. (In the following equations, the direction of a moment denotes the axis about which the moment acts, in a righthanded sense.) For M φ , the net moment on the element is e θ M φ r dθ | φ+dφ − e θ M φ r dθ | φ = e θ ∂ ∂φ M φ r dφ dθ.
The resultant moment due to M θ is − e φ M θ r φ dφ | θ+dθ − − e φ M θ r φ dφ | θ = −e θ M θ r φ cos φ dφ dθ,
and the out-of-plane stress resultant Q φ causes a moment e θ Q φ r r φ dφ dθ. In equilibrium, the net moment vanishes, so that ∂ ∂φ M φ r − M θ r φ cos φ + Q φ r r φ = 0,
